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Premixed flames in the thin and broken reaction zones regime exhibit strong non-linear turbulence-
chemistry interactions and are hence challenging to model. In the present study, a direct numerical sim-
ulation (DNS) database for a hydrogen-air flame is used to understand the effect of turbulence-chemistry
interactions on the flame speed. To this end, statistics of the local flame front displacement speed are in-
vestigated and the roles of flame stretch due to curvature and strain are analyzed. The local flame speed
Keywords: is found to be on average around 30% lower than the laminar burning velocity, which is shown to be a
DNS consequence of strain. Strain effects are then modeled by a recently proposed strained flamelet model,
Turbulent combustion which is validated a priori against the DNS in terms of the flame speed and the reaction source term.
Premixed combustion The strained flamelet model leads to a moderate improvement of the flame speed prediction and is able
Flame speed to reproduce the decrease of the local flame speed. Moreover, it significantly improves the source term
Flamelet modeling closure, which is demonstrated on the basis of the optimal estimator approach and, overall, describes the

investigated DNS flame with very good accuracy.

© 2016 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

Turbulent premixed combustion of high hydrogen content fu-
els is a phenomenon of considerable practical interest in a vari-
ety of modern energy systems, particularly in stationary gas tur-
bines. In this context, hydrocarbon fuels mixed with significant
amounts of hydrogen are becoming increasingly important. For in-
stance, hydrogen production from renewable resources could play
an increased future role as energy storage that might be added to
the natural gas supply. Another example is the gasification of solid
fossil fuels. This supports cleaner combustion and carbon capture
and storage technologies. To improve the efficiency of industrial
devices, reduce their pollutant emissions, and ensure their stable
operation, a comprehensive understanding of the underlying phe-
nomena and accurate yet affordable models for premixed hydrogen
combustion are essential.

A series of modeling frameworks for turbulent premixed com-
bustion has been proposed, including the probability density func-
tion transport equation model [1], the thickened flame model [2],
the linear eddy model [3], the conditional moment closure concept
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[4], the flamelet approach [5], and the flame surface density model
[6,7]. Additionally, manifold methods, such as flamelet generated
manifolds (FGM) [8] and the flame prolongation of intrinsic lower
dimensional manifolds (ILDM) referred to as the FPI framework
[9] are often used in conjunction with some combustion models.
The present article investigates strained and unstrained flamelet
models, which map solutions of one-dimensional flamelet equa-
tions into a three-dimensional field and combine asymptotic ideas
of the flamelet concept with the manifold approach.

Premixed flames in the thin reaction zones regime are par-
ticularly challenging to model, since mixing is strong enough for
turbulent eddies to enter the preheat zone and to perturb the
flame structure [10]. One primary attribute of flames in the thin
reaction zones regime is the presence of strong stretch effects
in form of curvature and strain. A number of combustion mod-
els [11,12] that have mainly been developed within the FGM or
FPI framework, seek to describe how premixed flame structures
are perturbed by flame stretch. Van Oijen et al. [12] performed
DNS of turbulent premixed freely expanding flames and analyzed
how various sets of two-dimensional flamelet generated mani-
folds could predict the results. The FGMs were created in three
different ways. First, unstretched premixed flamelets at varying
initial compositions were used. The two more variants of FGMs
were computed from flamelets submitted to a constant stretch

0010-2180/© 2016 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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Fig. 1. Left: Configuration. Right: Trajectory of flame case Da- in a regime diagram colored by normalized time.

rate and constant curvature, respectively. Interestingly, they found
that a two-variable parameterization of premixed flamelets is able
to account for stretch and curvature effects independently of the
way the FGMs were constructed. The difference to the strained
flamelet model proposed by Knudsen et al. [13], which is fur-
ther analyzed in the present work, is that different types of
flamelet equations are considered. While the model of Knudsen
et al. relies on strained premixed flamelets, Van Oijen et al. derive
flamelet equations that explicitly contain a stretch and a curvature
term.

Compared to unstretched laminar flamelets, strained flamelet
solutions have been suggested as an appealing means to model
flames in the thin reaction zones regime that are submitted to
strong flame stretch. A long standing question has been whether
back-to-back or fresh-to-burnt flamelets are more suited to
describe these flames. Hawkes and Chen [14] have compared
strained flamelets from both configurations to lean methane-air
flames of a DNS and found that especially for high strain rates
fresh-to-burnt flamelets provide a much improved prediction of
the displacement speed in comparison to back-to-back flamelets.
In Kolla and Swaminathan [15], strained flamelets were used for a
RANS (Reynolds averaged Navier Stokes) simulation of laboratory
flames, where fresh-to-burnt flamelet solutions were incorporated
into the simulation by parameterizing these flamelets in terms
of the scalar dissipation rate of the progress variable. In their
choice of the flamelet configuration they followed Hawkes and
Chen [14] and argued that fresh-to-burnt flamelets are more rep-
resentative of practical combustion situations. Recently, Knudsen
et al. [13] have proposed a strained flamelet model in the context
of large-eddy simulation (LES) that leads to very good results in
predictions of a DNS data set for an methane-air Bunsen flame.
The key idea behind this model is to use a species as the strain
marker and to parameterize strained flamelets by this species.
Knudsen and coworkers found that this parameterization removes
the arbitrariness of selecting a particular flamelet configuration,
since back-to-back and fresh-to-burnt flamelet profiles collapse
when parameterized by an appropriate species.

The objective of the present paper is to analyze and model
turbulence-chemistry interactions in a temporally developing pre-
mixed jet flame DNS [16] in the thin reaction zones regime. This
flame has been observed to propagate notably different than a
laminar unstretched flame and to be subject to strong finite-rate
chemistry effects that are not understood or modeled yet. In the
first part of this study, the reported finite-rate chemistry effects
are investigated by means of a flame front displacement analysis,
while in the second part, the strained flamelet model of Knudsen
et al. [13] is utilized and validated against the DNS database. The
model validation is accompanied by a discussion regarding capa-
bilities and limitations of the aforementioned model.
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Table 1
DNS conditions of flame case Da-.
Re; U; [m/s] Hjlmm] ¢ Ty [K]
10,000 312.6 2.7 0.7 700

The paper is organized as follows. In Section 2, the DNS
database is described. Next, in Section 3 a comprehensive flame
front displacement speed analysis is presented that considers
statistics of the flame front displacement speed and analyzes the
influence of flame stretch. Section 4 picks up implications of
the flame front displacement analysis and reformulates a strained
flamelet model in order to account for flame stretch. The strained
flamelet model is assessed a priori in Section 5. Important conclu-
sions are summarized in Section 6.

2. Description of DNS

Hawkes et al. [16] have carried out a peta-scale DNS of lean
hydrogen-air flames, where a parametric variation of the Damkoh-
ler number at a fixed jet Reynolds number of Re; = 10,000 was
realized. The data of these flames were used to develop a fractal
model for the turbulent burning velocity for LES and to explore
fractal properties of low Damkohler number flames [17]. In the
present paper, the flame case “Da-" is analyzed as it features the
highest Karlovitz number Ka among the available DNS cases and is
hence characterized by the strongest turbulence-chemistry inter-
actions of these DNS flames. It is therefore the most challenging
and relevant flame case for the present study.

2.1. DNS configuration

In the DNS, two initially laminar flames propagate into a tem-
porally developing jet of unburnt premixed reactants with an un-
burnt temperature of T, = 700K, an equivalence ratio of ¢ = 0.7,
and a pressure of one atmosphere as illustrated in Fig. 1. The tra-
jectory of the flame in a regime diagram for premixed combus-
tion is shown in Fig. 1, where peak Ka and Re numbers of 92 and
810 are achieved, respectively. Note that the regime diagram has
been adjusted to account for the fact that for the present condi-
tions, s;lg/v, ~ 50, which is substantially different from unity as
typically assumed [10]. s; and Ilr denote the laminar burning ve-
locity and flame thickness associated with the DNS operating con-
ditions based on the temperature gradient, and v, is the viscosity
of the fresh gases. An overview of the operating conditions of the
DNS is provided in Table 1, where U; and H; denote the jet velocity
and width, respectively, that can be used to define a normalized jet
time tj = H]/U]
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The simulation has been conducted with the massively par-
allel Sandia DNS code S3D [18] on the Jaguar Cray XT5 Super-
computer at Oak Ridge National laboratories using 120,000 cores.
Non-reflecting boundary conditions are applied in the lateral di-
rection to allow for the burnt products to exit the domain, while
the streamwise and spanwise directions are periodic. The computa-
tional domain is discretized with 2400 x 1600 x 1800 ~ 7 billion
grid points, which span a physical domain of 16H; x 20H; x 12H;.
Chemical reactions are described by a reduced mechanism for the
oxidation of hydrogen that consists of 9 species and 21 reactions
[19]. It is emphasized that both flame and turbulence are very well
resolved. The laminar flame thickness Ir is resolved by 28 points,
while the Kolmogorov scale 7 is resolved by a minimum of 0.6 grid
points in the region of interest. These numbers satisfy canonical
resolution criteria and highlight the fidelity of the DNS database.
The analyses presented in Sections 3, 5.1, and 5.2 are carried out
at the normalized time ¢/t; = 17.1, which is the time of maxi-
mum heat release and thus, the instant of strongest turbulence-
chemistry interactions. For further details regarding the DNS the
reader is referred to [16].

2.2. Global burning rate statistics

A main requirement of combustion models is the accurate pre-
diction of the total heat release rate. Many modeling frameworks
for premixed flames, for example the coupled level set progress
variable flamelet model [20], decompose this task into two com-
ponents. These parts are the prediction of the flame surface area
on the one hand, and modeling of the local flame speed on the
other hand, which is one of the modeling targets of the present
study.

In order to estimate the burning rate per unit area with respect
to a laminar unstretched flame, a correction factor Ipp,o can be
introduced [21], which is defined as the ratio of the production
speed spn,0 Of HyO and the flame surface area ratio oy,o multi-
plied by the laminar burning velocity

Io,H,0 = Sp.H,0/ (SLOH,0)- (1)

If the entire change of heat release compared to a laminar un-
stretched flame arises from a change of the flame surface area,
Ion,0 is unity. Otherwise, Ip,o indicates a departure of the net
flame speed from the laminar burning velocity. In Eq. (1), spn,0 is
the integrated production speed of H,0, which for the present case
can be defined as
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where p, denotes the unburnt density, L, the extent of the domain
in the transverse direction, and 1,0 the chemical source term of
H;0. Yy,0 is the mass fraction of H,O and the indices b and u re-
fer to burnt and unburnt conditions, respectively. The (-) operator
denotes spatial averaging in streamwise and spanwise directions.
In addition, the symmetry in the y-direction is taken advantage of
by averaging all statistics over the upper and lower sections of the
domain. The flame surface area ratio oy,o appearing in Eq. (1) is
given by an integral of a generalized flame surface density [6]

Ly
Ohyo = /0 (IVClydy. 3)

where the normalized progress variable C is defined as
C— Yi,0 — Yi,0u .
Y0 — Y0

(4)

Note that in contrast to the original definition of Peters [5], the
above definition of the flame surface area ratio is not conditioned
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Fig. 2. Integrated production rate of H,O (red), flame surface area ratio (blue), and
correction factor Iy 11,0 (green) that converts laminar burning rate per unit area into
turbulent burning rate per unit area. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article).

on a particular isosurface, which is attractive due to its straightfor-
ward calculation. To understand the impact of this simplification,
the flame surface area of the inner layer isosurface C = 0.5 and the
value according to Eq. (3) have been compared at the time of max-
imum heat release, which revealed a difference of less than 5%.
Therefore, Ip y,0 based on the flame surface area ratio oy, using
Eq. (3) is regarded an appropriate estimate for the integrated flame
speed and the impact of finite-rate chemistry effects.

The quantities s, y,0. 0n,0, and Ipy,o are shown in Fig. 2 as a
function of normalized time. While the production of H,O follows
the principal trend of the flame surface area, the increase in H,O
production is lower than the flame surface area ratio, which results
in Ip y,0 becoming less than unity. This behavior indicates the need
for modeling of the flame speed. Besides finite-rate chemistry ef-
fects it can also originate from other causes such as effects of un-
steadiness.

Finally, it is remarked that the lpn,o factor based on H,0
shown here deviates significantly from Ioy, based on H; that has
been discussed by Hawkes et al. [16]. It differs not only in its ab-
solute value, but also shows a different trend, as Ip y,0 is less than
unity once the flame hits the turbulence, while Ip y, is greater than
unity. Since the production speed of H,0 and consumption speed
of H, are almost equal, this difference is attributed to different
flame surface area ratios of H,O and H,, which in turn can be at-
tributed to the larger diffusivity of Hy. The non-linearity of Ip y,0
is not addressed in this article and remains an open question for
future work. However, both Iy 1,0 and Ipy, have in common that
they are non-linear. The non-linearity of Iy i, has already been dis-
cussed in Ref. [16], which might serve as a basis for future investi-
gation of the non-linearity of I y,0.

3. Flame front displacement analysis

Premixed flames in the thin reaction zones regime contain ed-
dies that are smaller than the flame thickness. These are able
to enter the preheat zone and perturb the flame structure. Thus,
molecular transport between the reaction zone and the upstream
preheat zone is an unsteady process, where the notion of a lami-
nar burning velocity s; of a laminar flame has less relevance than
in the corrugated flamelet regime. Instead however, a flame front
displacement speed, describing the motion of an isosurface [22,23],
can be introduced. It represents the local propagation of a turbu-
lent premixed flame in the thin reaction zones regime.

A number of previous studies has investigated various aspects
of the flame front displacement speed including the analysis of
global statistics of the flame front displacement speed [24,25] as
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well as the determination of the effects of flame stretch [26-30],
different fuels [31], the Karlovitz number [32], and flame instabili-
ties [33] on the flame front displacement speed. Several of the fea-
tures found in the following analysis have already been observed in
previous studies, e. g. Sankaran and coworkers report a very sim-
ilar response of the flame front displacement speed to the strain
rate [34]. In this section, the flame front displacement speed is an-
alyzed with respect to flame stretch resulting from curvature and
strain, so that the combustion model in Section 4 can be formu-
lated accordingly.

3.1. Mathematical formulation

From a balance equation of an appropriate chemical component
or the temperature, the motion of an isosurface can be tracked and
a corresponding displacement speed s; can be identified. In this
work, the displacement of a progress variable isosurface is consid-
ered. Key results of the subsequent analysis of the flame front dis-
placement speed are also studied in terms of a generalized flame
speed in Section 3.3.4.

The flame displacement speed s; constitutes of terms due to
tangential diffusion, normal diffusion, and reaction and adds up as

sq = Dk +Vh+ V. (5)

Dk is the tangential diffusion term, D the diffusivity of the
progress variable and x denotes the curvature that is the diver-
gence of the normal vector n pointing towards the burnt gases

vC
n= ™~ (6)

Given this definition, positive curvature is associated with flame
regions that are convex towards the burnt gases, while negative
curvature corresponds to flame pockets that are convex towards
the unburnt gases. V, and V; are the contributions due to normal
diffusion across the isosurface and reaction, respectively, which are
given by

n-V(pDnVC)
V= L VIPVE) 7
pIvel 2
and
me
VAL S 8
Vel ®

where p denotes the density and mic the source term of the
progress variable. Note that in case of a laminar unstretched flame,
the displacement speed s, is equal to the laminar burning velocity
s; evaluated at the same progress variable isosurface, s; o (defined
below).

Figure 3(a) and (b) shows a three-dimensional snapshot of the
isosurface C =0.5 and a two-dimensional plane view of the iso-
surfaces C=0.1, C=04, C=0.5, C=0.6, and C = 0.9 that track
the heat release. Visual inspections of instantaneous fields of heat
release and potential candidates to track the flame revealed that
H,O0 follows the heat release more closely than other species such
as for example H,. Fig. 3(b) reveals that the heat release occurs
in a relatively thin reaction zone without any flame extinction
as theoretically expected in the thin reaction zones regime that
the investigated flame sits in. Further, a broadening is observed
towards both the unburnt region corresponding to C=0.1 and
the burnt region corresponding to C=0.9. In the remainder of
this study, the isosurface C = 0.5 is selected for the flame front
displacement analysis and the sensitivity of s; to this choice and
to the progress variable definition is discussed in supplementary
material. The flame displacement speed and its contributions are
normalized by the density weighted laminar burning velocity

Pu
Sto=SLu—, 9
L0 Lu 00 ( )

(a) 3D snapshot of the isosurface C' = 0.5 colored with the scalar dissipation rate of the
progress variable. Isosurface that was used to collect statistics of the displacement speed
Sq. A high resolution image is provided in the supplementary material.

Unburnt

YIH

(b) 2D snapshot of the heat release overlaid with the isolines C' = 0.1, C'= 0.4,
C =0.5,C = 0.6, and C = 0.9. Contour plot of the heat release normalized
with the maximum heat release from an unstretched premixed flame with
three different progress variable isolines.

Fig. 3. Visualization of the flame at the time of maximum total heat release t/t; =
17.1.

where pq is the density at C=0.5 of the laminar unstretched
flame. It is noted that the relationship in Eq. (9) is satisfied for
expansion across a one-dimensional planar flame. In the DNS,
the flame is not one-dimensional, and flow divergence within
the flame would be affected by curvature and indeed by the
large-scale pressure field. Therefore, this density correction is only
approximate.

3.2. Statistical evaluation

3.2.1. Displacement speed PDFs

Probability density functions (PDFs) of the individual contribu-
tions of s; are shown on the left of Fig. 4. The curvature contri-
bution exhibits a narrow shape and is almost symmetric around
zero. While the reaction contribution V; is strictly positive, the nor-
mal diffusion term Vj is mostly negative and has a negative mean
value.

Figure 4 also shows the PDFs of s; and the sum of normal dif-
fusion and reaction contribution. These PDFs lead to two impor-
tant conclusions. The first one is that the PDF of s; implies a mean
value of (s4/s. o) = 0.66, which means that the flame locally burns
slower than its laminar unstretched counterpart. This result is in
agreement with the theoretical picture outlined by Peters [10] in
a sense that the averaged local flame speed is of the order of the
laminar burning velocity. Peters argued that as the curvature has a
mean of approximately zero, the tangential diffusion component’s
contribution is also approximately zero. He argued that the PDF
of s; and the averaged < sy/s; o > are therefore principally a re-
sult of the normal diffusion and reaction components. This is sup-
ported by a comparison of the PDFs of s; and the sum of V; and
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Fig. 4. Left: PDFs of D« (green), V;, (red), and V; (blue). Right: PDFs of V;, + V; (orange) and s4 (black). All terms are normalized with the laminar burning velocity s; . (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article).
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Fig. 5. Left: PDF of the curvature. Right: PDF of the strain rate.

Vy in the right panel of Fig. 4, which shows that these are almost
equal. Peters further argued that the normal diffusion and reac-
tion components are also only weakly affected by turbulence on
average, since the frequencies of turbulent straining are too high
for the flame to respond. Based on these arguments he concluded
that the local flame speed on average is of the order of the lami-
nar burning velocity, while quantitatively differences between the
averaged flame speed and the laminar burning velocity may exist
due to other effects of higher order.

The finding of a decreased burning velocity is further consis-
tent with the analysis presented in Section 2.2. Although Io y,0 and
(sals1, 0) are different in a sense that Ipy,o is an unconditioned
quantity, while (sq4/s; o) is associated with a particular isosurface,
they indicate the same trend of a decreased burning rate. Further-
more, it is remarked that s; occasionally becomes negative in re-
gions of the flame that feature negative V; and low values of V.
These rare events are suggested to originate from unsteady mixing
between the preheat and the reaction zone and are triggered by
strong finite-rate chemistry effects.

3.3. Influence of flame stretch

Flame stretch is one important consequence of turbulence-
chemistry interactions and has previously been found to be re-
sponsible for significant differences between s; and the laminar
burning velocity [25]. Therefore, the response of s; to curvature
and strain and their interdependencies are analyzed in the follow-
ing. The non-dimensional stretch rate is given by

(10)

where tr = Ig/s; ,, is the flame time. The strain rate a is defined as

K =atr +klg,

a=-n-Vu-n, (11)

where u denotes the velocity vector. The PDFs of curvature and
strain are shown in Fig. 5.

3.3.1. Curvature effect

Similar to the tangential diffusion term, the curvature is char-
acterized by a zero mean and is almost symmetric around zero,
as observed in Fig. 5. The curvature-conditioned average of the
displacement speed is shown in Fig. 6 and it is observed that s,
changes just slightly in the negative curvature range and increases
with increasing positive curvature. High values of s; are associated
with high curvature. This nonlinear behavior is mainly a response
of the reaction term to curvature, as the profiles of s; and V, show
a similar trend. The normal diffusion term is found to be nearly in-
dependent of curvature and, therefore, is not shown here. As seen
in Eq. (5), the tangential diffusion term is a function only of the
curvature,

3.3.2. Strain effect

First, it is noted that positive strain is found more frequently
than negative strain (cf. Fig. 5). Its impact on sy is shown in Fig. 7
as the strain conditioned average of the displacement speed and
three noteworthy observations are made. First, s; is nearly con-
stant and equal to the laminar burning velocity for negative strain
rates. Second, increasing positive strain rates lead to a noticeable
decrease of the flame front displacement speed. The third point is
that, analogously to the curvature effect, the change of s; due to
strain is to leading order caused by the response of V. to strain.
Based on these findings and along with the shape of the curva-
ture and strain rate PDFs, it is concluded that strain is the driv-
ing mechanism for the flame to propagate slower than the laminar
burning velocity.

In order to understand the effect of strain on V;, the progress
variable source term and gradient are plotted as a function of
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strain in Fig. 8 and contrasted to their equivalents from the un-
stretched flamelet solution. While the progress variable source
term experiences at most 15% variations as a result of strain, the
gradient gradually increases with increasing strain and reaches
three times the value of an unstretched flame, which according to
Eq. (8) then also leads to a strong decrease in V.

3.3.3. Interdependencies between curvature and strain

The two previous sections have shown that high s; values are
found in positively curved flame pockets, which means they are
curved into the burnt, while low displacement speeds originate
from high strain rates. Both effects have been found to mainly af-
fect the reaction term V,. The fact that the mean flame front dis-
placement speed is lower than the laminar burning velocity im-
plies that the strain influence exceeds the curvature influence.

To further understand the interaction between these two com-
peting effects, the joint PDF of curvature and strain is shown in

Fig. 9. It may be observed that the joint PDF is symmetric around
zero curvature over the entire strain rate range. While the majority
of flame elements are affected by both low to moderate curvature
and strain, there is little coexistence of high strain and high curva-
ture meaning that in the limits of very high or very low displace-
ment speeds interdependencies between curvature and strain are
unimportant.

3.3.4. Generalized flame speed analysis

Different definitions for the flame speed have been proposed in
the literature. Poinsot and Veynante [35] have summarized differ-
ent definitions and also discussed their implications. Throughout
the present work, we have investigated the flame front displace-
ment speed at a specific isosurface, which can be interpreted as a
local quantity. However, in order to demonstrate the generality of
the obtained results, we also analyze a more global quantity re-
ferred to as generalized flame speed [36]. The generalized flame
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speed it not limited to a given iso-surfaces and instead results
from an integration over all iso-surfaces. Veynante and Vervisch
[36] consider the relation

PSal Vel = pu( £-541Vel) = pulsua), TV
u

to obtain the generalized flame speed with respect to the unburnt
gases as

(12)

1 (sl
Pu |V

which is weighted with the flame surface density |Vc|. Note that
the quantity sy appearing in the numerator of Eq. (13) is computed
as outlined in Section 3.1. Here, the most important results are
presented, especially the response of the generalized flame speed
to the strain rate. Accordingly, the overbar operator appearing in
Eqs. (12) and (13) denotes a mean conditioned on the strain rate.
Although (s; ,) s can be evaluated as a field variable within the
flame, it is obvious that some form of clipping is necessary, since
|Vc| becomes zero outside the flame zone. Therefore, the region
between C = 0.1 and C = 0.9 is used for the analysis in this study.

In Fig. 10, the flame front displacement speed of H,O at the
iso-surface C = 0.5 and the generalized flame speed are compared.
Specifically, both quantities and their contributions due to reac-
tion, normal diffusion, and curvature are shown as a function of
the strain rate. While the curvature terms remain almost constant
around zero, the normal diffusion and reaction terms decrease
with increasing strain rate for both flame speed quantities. Their

(Sd.u>5 = (]3)

term

35
aty

(a) Flame front displacement speed.
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decrease is responsible for the decrease of both the flame front
displacement speed and the generalized flame speed. Moreover,
both quantities are characterized by mean values of less than unity,
which agrees with the conclusion from the flame front displace-
ment speed analysis that the flame on average propagates slower
than the laminar burning velocity. It is noted that the generalized
flame speed features a very similar behavior as the flame front dis-
placement speed, which largely confirms the results of Section 3.3.
This is an interesting finding, since the flame front displacement
speed and the generalized flame speed are quite different from a
physical point of view. Nonetheless, the fact that both analyses re-
sult in the same conclusions confirms our findings and mutually
supports both these perspectives.

3.3.5. Implications for flame speed modeling
Important conclusions of the displacement speed analysis in the
context of modeling for the present case are the following:

+ On average, the flame propagates slower than an unstretched
laminar flame (sg/s; o) <1.

+ The influence of strain on the average flame speed is dominant
over the influence of curvature.

- Strain causes (sy/s;, o) <1 via the reaction term V.

+ The conditional mean (sy/s; olatF) is constant and roughly
unity for negative strain.

+ The analyses of the flame front displacement speed and gener-
alized flame speed result in the same conclusions and mutually
support both these perspectives.

These conclusions imply that an accurate combustion model
must predict a decreased local flame speed by accounting for strain
effects. Moreover, it is shown that positive strain is much more
likely to be found than negative strain. This finding, along with
the insensitivity of the flame front displacement speed to nega-
tive strain rates, suggests that only positive strain has to be con-
sidered in modeling of the flame speed. Finally, it has been veri-
fied that the above outlined implications also hold for a flame front
displacement speed analysis using hydrogen as the progress vari-
able, which makes these conclusions for the present case general
and independent of progress variable definition. The corresponding
analysis is provided as part of the supporting material.

4. Strained flamelet model

Flamelet models map asymptotic combustion solutions into a
flow field. These combustion solutions can be found using one-
dimensional flamelets, which are solved prior to a simulation and
accessed as needed during runtime. For this purpose, a simple way

-25 -10 5

atg

(b) Generalized flame speed.

Fig. 10. Comparison of flame front displacement speed of H,O and generalized flame speed: Response of the generalized flame speed speed (black), reaction term (blue),
the normal diffusion term (red), and the curvature term (green) to strain. All terms are normalized with the laminar burning velocity s;. (For interpretation of the references

to color in this figure legend, the reader is referred to the web version of this article).
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Fig. 11. Premixed strained back-to-back flamelets. Maximum temperature over im-
posed strain rate. The dot symbols demarcate selected flamelet profiles that are
shown in Fig. 12.

is to solve unstretched laminar flamelets and to use the progress
variable as the mapping coordinate

¢k = .7:(C), (14)

where ¢, denotes any thermochemical quantity and F the func-
tional relation governed by the unstretched premixed flamelet
equations. As demonstrated in Section 3, the influence of the strain
rate component of stretch on the combustion process is not negli-
gible. Note that other effects such as curvature or differential diffu-
sion are not considered in the present model, since they are found
to be unimportant on average, although they might be locally
important.

The effect of strain is here modeled by the strained flamelet
model of Knudsen et al. [13]. The underlying idea behind this
model is to parameterize thermochemical quantities by the com-
position of a chemical species mass fraction, which represents
the flame structure’s internal response to strain. Furthermore,
Knudsen et al. report, when applying such a strain parameteriza-
tion, flamelet solutions from the back-to-back and fresh-to-burnt
configurations collapse. This means that this technique eliminates
the arbitrariness of selecting a particular strained flamelet con-
figuration as long as the response itself is accurately mapped by
the parameterizing species. In light of this finding, in this study
back-to-back flamelets are considered and used to parameterize
the modeling targets. The resulting characteristic relation between
maximum temperature and strain rate, the so-called S-shaped
curve, is shown in Fig. 11. These flamelet solutions are obtained
using the FlameMaster program [37] utilizing a chemical mecha-
nism for hydrogen [19] that consists of 9 species and 21 reactions
and that has also been used in the DNS. As in the DNS, the Lewis
numbers in the simulations for the strained flamelet model were
non-unity and not constant.

The model of Knudsen et al. has been developed in an LES con-
text. There are two important points to consider in LES models of
the kind discussed here. The first is the model formulation and
in particular the choice of correct parameters. The second is the
LES formulation including the model for a presumed joint pdf. It
is important to note here that the present paper is only concerned
with the first point. The model formulation developed here could
be used with any model for the joint pdf of the two parameters; it
could even be used in combination with a transported PDF for the
two parameters.

4.1. Coordinate selection for strain parameterization

In the strained flamelet model, a new parameter appears in the
combustion model, which has to fulfill several criteria. The first
one is that it is sensitive to strain. This means that a change of
strain is accompanied by a change of the selected strain parameter.
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Fig. 12. Response of selected species mass fraction to strain in premixed back-to-
back flamelets. From top to bottom the mass fractions of H,, OH, and H as function
of C and along the S-curve. The open circles are the unstretched flamelet solution,
while solid and dotted lines are flamelet solutions of stable and unstable branch,
respectively. The flamelet solutions correspond to the symbols in Fig. 11.

Additionally, the parameterization has to be unique in a sense that
a movement along the curve shown in Fig. 11 leads to a monotonic
variation of the species mass fraction representing strain. In order
to minimize numerical errors associated with a table lookup, it is
further desirable that the strain coordinate exhibits a significant
variation and spans a wide range.

In Fig. 12, various flamelet profiles of three potential candidates
including the mass fraction of the H radical chosen by Knudsen
et al. [13] are shown as a function of the progress variable. It may
be observed that the mass fractions Yy,, You, and Yy alike are
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highly sensitive to strain and experience a notable change along
the S-curve. These candidates span an almost equally wide range,
although the respective absolute change of their compositions is
different. In the present study, the mass fraction of H, is chosen
as the additional parameter, since Yy, is the only available species
mass fraction with a strictly monotonic change. Both Yy and Yoy
feature an overlap region between C values of 0.8 and 0.9 implying
that a parameterization on the basis of Yoy and Yy is not unique
in this progress variable range. Thermochemical quantities are then
given by

&= 9(C Yu,), (15)

where G the functional relation governed by the premixed back-
to-back flamelet equations. The selection of Yy, offers an addi-
tional advantage of implicitly accounting for differential diffusion
effects, since its Lewis number is small. Finally, it is remarked that
strained flamelets located on the top of the stable branch are al-
most identical with the unstretched flamelet. From this follows
that the strained flamelets intrinsically include the unstretched so-
lution.

4.2. Modeling targets: flame speed and reaction

Two quantities, which are often required in combustion model-
ing, are the laminar burning velocity s; and the reaction source
term mc. The laminar burning velocity is important as quantity
to prescribe the propagation speed of the flame front, which is
needed for example by the level set model, while the reaction
source term is necessary for solving the transport equation of the
progress variable. As pointed out by Knudsen et al. [13], one differ-
ence between unstretched and strained premixed flamelets is that
the laminar burning velocity is not constant in strained solutions
as it is in unstretched flamelets. Since the flame front displacement
analysis is carried out at the isosurface C = 0.5, the laminar burn-
ing velocity of the strained flamelets is extracted at this C value.

In Fig. 13, both modeling targets are shown. The laminar burn-
ing velocity decreases from 8 m/s for the unstretched flame to
about 4.5 m/s at the turning point between stable and unsta-
ble branch. Along the unstable branch of the S-curve, the laminar
burning velocity reduces only slightly to around 4 m/s. The reac-
tion source term is shown as a function of C and Yy,, where the
lower bound of the C — Yy, space is confined by the unstretched
flamelet solution. The progress variable source term mc undergoes
a significant variation with Yy, at a fixed C corresponding to the
water mass fraction, which means that strain strongly affects the
source term. Note that the amount of variation is dependent on
C; near the C = 0.5 surface discussed earlier in the displacement
speed analysis, the variations are about 15%, but towards higher
and lower C values the effect of strain becomes more significant.
It is interesting to observe that in the intermediate C range, where
the source term is largest, the maximum source term is found in
strained flamelets of the stable branch and not in the unstretched
solution.

5. Model analysis

In this section, the strained flamelet model is assessed using a
priori testing. To this end, strained flamelet solutions of the flame
speed and the progress variable source term are tabulated accord-
ing to Eq. (15) and compared to the DNS and to the conventionally
used unstretched premixed flamelet solutions given by Eq. (14).

5.1. Flame speed

Figure 14 shows the PDF of Yy, at the isosurface C = 0.5 and
the conditional mean of Yy, over strain at C =0.5. According to
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Fig. 13. Top: Laminar burning velocity s; , as a function of Yy,. The black dot is the
unstretched value. Bottom: Progress variable source term ric as a function of C and
Yh,. The dashed line demarcates the turning point of the S-shaped curve.

the values of the hydrogen mass fraction observed in the DNS,
strained flamelets cover around 90% of all points at this surface
in the DNS and only the tails of the PDF fall outside the strained
flamelet space. The response of the strain parameter Yy, selected
here can be described as follows. Increasing positive strain results
in an increase of H, mass fraction, whereas decreasing negative
strain rates lead to a slight increase of the H, concentration. The
behavior of H, reveals a limitation of the strain modeling strat-
egy followed here. In the DNS, high values of Yy, are found for
both positive and negative strain rates, and since strained flamelet
solutions only exist for positive strain rates, the strained flamelet
model is not strictly able to distinguish between positive and neg-
ative strain rates. Here however, a good argument can be made
that the H, mass fraction is found to remain almost constant in
the negative strain range and to vary significantly only for positive
strain rates, similar to the situation with displacement speed.

The model performance to predict the local flame speed is
shown in Fig. 15. It may be observed that the strained flamelet
model leads to improved predictions of the local flame speed, al-
though the flame front displacement speed in the DNS decreases
more rapidly than the modeled laminar burning velocity. In order
to address the issue of partly misinterpreting positive and negative
strain, the same analysis has been carried out for positive strain
only, which is very similar to Fig. 15 and, therefore, is not shown
here.

To understand the differences in the flame speeds between DNS
and strained flamelets, the source term and the progress variable
gradient as function of Yy, are shown in Fig. 16. The ratio of these
quantities is the reaction contribution V; of the flame speed, which
has been identified in Section 3 as the main reason for the flame
to interact with strain and to propagate slower than the laminar
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(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article).

burning velocity. The source term in the DNS is higher than in
both flamelet models, but the decline of ¢ with increasing Yy, is
captured quite accurately by the strained flamelet model. The in-
crease of the progress variable gradient is predicted by the strained
flamelet model up to an H, mass fraction of Yy, = 0.009. However,
beyond this value, the gradient in the strained flamelets falls off
sharply, which is the reason why the flame speed predicted by the
strained flamelet model remains almost constant at higher Yy, val-
ues and does not decrease further.
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= 0.5. The strained flamelets are able describe around 90% of all points and positive strain leads

Finally, this result shows a further limitation of the strained
flamelet model and more specifically of the unstable branch of
the S-curve. Values up to Yy, = 0.0079 correspond to the stable
branch, while values beyond this mass fraction are associated with
the unstable branch. This means that the gradient behavior of
flamelets of the unstable branch is opposed to the trend in the DNS
as observed in the right panel of Fig. 16. One means of circum-
venting this problem is the model extension towards an unsteady
strained flamelet model, which could be done in future work.

5.2. Reaction source term

Figure 17 shows scatter plots of the reaction source term clo-
sure for the unstretched and strained flamelet models. For the
unstretched model, an immense amount of scatter is observed,
whereas most of this scatter disappears in the strained model. This
means that the additional information provided by the strained
flamelets improves the source term closure significantly. While the
scatter plots allow for a visual evaluation of the modeling strat-
egy, they do not provide further quantitative information. This is
obtained here using the optimal estimator approach. Before results
from this analysis methodology are presented, the optimal estima-
tor approach is briefly reviewed.

For this, we define the total error of a model with respect to
the DNS data as

: : 2
€tot(C, Yi,) = <(mC.DNS — e modet (C, Yiy ) > (16)

where mcpyns is the progress variable source term directly evalu-
ated from the DNS, i vode(C. Y, ) is the model evaluated with
the parameters C and Yy, from the DNS, and the () operator
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Fig. 16. Progress variable source term (left) and gradient (right) as a function of Yy,. The gray area shows the conditional standard deviation. The source term predictions
are close to the DNS in terms of the sensitivity of the source term to Yy, variations, while the gradients differ significantly for higher Yy, concentration.
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Fig. 17. Scatter plots of reaction source term from DNS and from unstretched (left) and strained flamelet model (right). In the scatter plots, the line is a perfect model. The
strained flamelet model removes much of the scatter of the unstretched flamelet model.

denotes an average conditioned on C and Yy,. The error due to the
selection of the set of parameters, the so called irreducible error, is
given as

€ire (C, Y, ) = ((mc s — (1inc|(C, Y, )))?),

where the conditional mean (riic|(C, Yy, )) appearing in this expres-
sion is referred to as the optimal estimator and is the best possible
model result that one could achieve with this set of parameters.
The difference between €y and €, is the remaining error that
stems from the functional form of the model for mc.

While for the unstretched model, C is the only parameter, the
strained flamelet model parametrizes ¢ with respect to C and Yy
so that its errors are also given in terms of C and Yy,. In order to
compare the errors of both models directly, those of the strained
flamelet model are weighted with the conditional PDF of Yy, at a
given value of the progress variable P(YH2 |C) Three different forms
of the irreducible and total model errors are introduced and dis-
cussed here. On the one hand, the errors are normalized by the
maximum conditional mean of the progress variable source term
(mc|C)ax to obtain a non-dimensional absolute model error. On
the other hand, the errors are normalized by the optimal estima-
tor (mc|C) at a fixed C, which can be interpreted as an error rela-
tive to the optimal estimator. The absolute and relative errors, for
example of the total model error, are then given by

(17)

ClonCabs = / P(Yi,|C)etot (€. Yay, )dYi,/ (11|C) 2 (18)
and
Cloncrel = / P(¥i1,IC)éror (C. Yiy, )iy, / (1t |C)2. (19)

Finally, an absolute error density can be defined by weighting the
absolute error with the PDF of C as

(20)

to quantify, how different intervals of the progress variable con-
tribute to the accumulated net error of the source term closure.
The integral of this error density over a range of progress variable
values then corresponds to the total absolute error caused by the
model error in that range of progress variable values.

In Fig. 18, the irreducible and the total model errors of both
models are shown in their relative, absolute, and weighted form.
From a comparison of the irreducible errors follows that the
H, mass fraction contains additional physical information for the
source term closure that allows to decrease the error by one or-
der of magnitude. The relative irreducible errors show a minimum
around C = 0.5 in the inner layer region, while the absolute irre-
ducible errors peak around the inner layer region. The profiles of
the total model error of the reaction source term indicate that the

€tot,C.den = P(C)Etot,(‘.abs

model error of the strained model is much lower than the model
error of the unstretched model for all progress variable values ex-
cept a narrow intermediate progress variable region. Moreover, the
model error of the strained flamelet model is close to the irre-
ducible error for very high and very low C values. The source term
closure is particularly improved around C = 0.8, where the abso-
lute error of the unstretched model peaks. On the contrary, the
absolute total model error of the strained flamelet model is one
order of magnitude lower in this progress variable range. This is
beneficial for the prediction of the total heat release, since this
range contributes most to the total model error density of the un-
stretched model, whereas the error reduction around C = 0.8 leads
to largely reduced integrated total model error of the strained
model. In summary, these findings directly translate to the scat-
ter plots (see Fig. 17) of the source term closure and demonstrate
that the strained flamelet model is a significant improvement over
the unstretched flamelet model.

Finally, the effect of curvature and strain on the source term
closure is investigated. While strain effects are modeled by the
strained flamelet model, the influence of curvature is not consid-
ered. In order to assess the consequence of this simplification on
the source term closure, source term error, i.e. the difference be-
tween the source term from the DNS and the respective model
A\ e = MepNs — M Model JOiNtly conditioned on strain and curva-
ture is shown in Fig. 19. At low curvature and high strain rates,
the unstretched flamelet model underpredicts the reaction source
term, which yields a peak error for such a stretch scenario. This
error completely disappears in case of the strained flamelet model.
From this follows that model errors due to strain are to leading
order eliminated by the strained flamelet model. Interestingly, the
strained flamelet model also reduces the model error in the nega-
tive strain rate range, although the strained flamelet solutions fea-
ture only positive strain.

5.3. Model evaluation during flame evolution

The analyses presented so far were carried out at the normal-
ized time t/t; = 17.1, as this is the instant of strongest turbulence-
chemistry interactions. Since the investigated flame is temporally
developing, the difference between the heat release and flame sur-
face area and the behavior of Iy in Fig. 2 might also arise from
effects of unsteadiness apart from turbulence-chemistry interac-
tions. It is therefore essential to evaluate the model at all relevant
simulation times, especially because the flame is modeled with a
strained flamelet model that relies on steady flamelet solutions.

To this end, both the unstretched and strained flamelet model
are employed to compute the production speed s, p,o that is then
compared to the one measured in the DNS. The progress vari-
able source term of both models is given by Eq. (14) and Eq. (15),
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Fig. 18. In the top row, the irreducible and total model errors of the unstretched and strained flamelet model are shown. The relative errors are shown on the left, while
the absolute errors are shown on the right. Error densities are shown in the bottom row.

respectively, and integrated according to Eq. (2) to obtain s, 0.
While this calculation can be straightforwardly executed for the
unstretched flamelet model, a treatment is needed for flame ele-
ments which fall out of the flamelet space in case of the strained
flamelet model. Here, a simple strategy is suggested by using the
solution that is closest to such elements in C space. The compar-
ison of spu,0 shown in Fig. 20 is omitted for early simulation
times, when the flame is still fully laminar and undisturbed by
the turbulence. Concurring with Section 5.2, the strained flamelet
model performs significantly better than the unstretched model
and only slightly overpredicts the production speed for late sim-
ulation times.

6. Conclusion

In this work, turbulence-chemistry interactions were analyzed
and modeled for lean premixed turbulent hydrogen flames. Capa-
bilities and limitations of an unstretched and a strained premixed
flamelet model to describe turbulent premixed flames in the thin
reaction zones regime were discussed with respect to the model-
ing targets, the flame speed and the reaction rate of the progress
variable. To this end, finite-rate chemistry effects were investigated
by means of a flame front displacement analysis. Based on this
analysis, the interaction of turbulence and chemistry due to flame
stretch is modeled with a strained flamelet model, which was val-
idated against the DNS data.

The flame front displacement analysis splits the total flame dis-
placement speed into three contributions stemming from reaction,
normal diffusion, and tangential diffusion. Statistics of the flame
front displacement speed and its contributions were presented and
it was found that the overall displacement speed is lower than in

the laminar unstretched case. In order to identify the origin of this
behavior, the effect of flame stretch on the displacement speed was
analyzed. It was demonstrated that the response of the flame front
displacement speed is mainly attributed to a change in the reaction
contribution. High displacement speed corresponds to high curva-
ture, while low displacement speed is associated with high strain.
Overall, strain effects dominate curvature effects so that the global
flame speed is lower than the laminar burning velocity, and make
turbulence-chemistry interactions in form of strain the modeling
topic of the present study.

Following the ideas of Knudsen et al. [13], strain effects are con-
sidered here using a strained flamelet model. This model incor-
porates strained flamelet solutions from the back-to-back strained
premixed laminar flame configuration and captures the flame
structure’s internal response to strain by the response of a chem-
ical component to strain. Here, the fuel mass fraction, Yy,, was
found to vary strictly monotonically along the S-curve, and thus
to be appropriate to parameterize strain. Yy, as the strain marker
along with the conventionally used progress variable were then
used to parameterize the modeling targets.

Both the unstretched and strained premixed flamelet model
were a priori analyzed against the DNS data. First, their ability to
predict the local flame speed was compared and it was demon-
strated that the strained model leads to a reasonable improvement
of flame speed predictions. Remaining discrepancies between DNS
and the strained flamelet model originate from differences of the
progress variable gradient, which is much lower in the model than
in the DNS. The second modeling part is devoted to the reaction
rate of the progress variable. The optimal estimator approach was
applied and indicated that the irreducible error is significantly de-
creased by the strained in comparison to the unstretched flamelet
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Fig. 20. Comparison of the integrated production rate of H,O measured in the DNS
and predicted by both models. Note that early simulation times are not included.

model. It was further shown that the determination of the progress
variable source term greatly benefits from the strained flamelet
model and, in particular, eliminates model errors occurring at high
strain rates. Finally, the model performance during the evolution
of the flame was evaluated by comparing the measured and pre-
dicted values of the production speed of H,0. This comparison

revealed that the strained flamelet model significantly improves
the closure of this quantity and is able to predict the DNS curve
very accurately.

In summary, findings from the present study support the mod-
eling strategy of Knudsen et al. [13] and encourage the application
of the proposed strained flamelet model in simulations of highly
turbulent premixed flames, where it is also shown that the strain
parameterization is different for hydrogen flames. However, it is
important to recognize that the specific fuel and fresh gas condi-
tions adopted here leads to a reaction zone that is relatively broad
compared with that in a hydrocarbon flame. This might have im-
portant effects, and further investigations should be performed for
hydrocarbon flames in the future.
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